Abstract-Comparison of genomic maps is hampered by errors and ambiguities introduced by mapping technology, incorrectly resolved paralogy, small samples of markers, and extensive genome rearrangement. We design an analysis to remove or resolve most of these problems and to extract corrected data where markers occur in consecutive strips in both genomes. To do this, we introduce the notion of prestrip, an efficient way of generating these and a compatibility analysis culminating in a Maximum Weighted Clique (MWC) search. The output can be directly analyzed with genome rearrangement algorithms, allowing the restoration of some of the data not incorporated into the clique solution. We investigate the trade-off between criteria for discarding excessive prestrips to make MWC feasible in terms of retaining as many markers as possible in the solution and producing an economical rearrangement analysis. We explore these questions through simulation and through comparison of the rice and sorghum genomes.
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INTRODUCTION
T HE usual first step in comparative genomics is to decompose two genomes into synteny blocks, segments of chromosomes deemed to be homologous in the two genomes. The criteria for homology differ from study to study and allow for not only a degree of sequence divergence but also for some amount of insertion, deletion, or other local structural difference, depending on the scale of resolution of the analysis. The blocks are differently grouped into chromosomes and differently ordered and oriented in the two genomes being compared.
The construction of these synteny blocks based on traditional comparative maps is very vulnerable to errors and ambiguities in the position of the markers on a map. Errors are specific to the mapping technology producing the chromosomal marker positions. For example, statistical error in linkage disequilibrium calculations may result in ordering markers incorrectly. The same is true of mapping based on restriction enzymes, probe hybridization, and other techniques. Some of these may even occasionally map markers to the wrong chromosome. Another kind of problem involves ambiguous homology. Where there is nontandem duplication in one or both of the genomes being compared, whether it is a short fragment, a gene, or a larger segment, there is always the risk of matching up inappropriate pairs of markers as orthologs in the two genomes.
These problems are exacerbated when the number of genome rearrangements that differentiate one genome from the other is large relative to the number of markers available for their comparison. The general principle behind this is that, when two genomes contain a large number of consecutive markers in common, this lends confidence to the inference that the entire chromosomal segment containing the markers is a synteny block that was inherited intact from the common ancestor of the two genomes; at the other extreme, if a marker is the only one in common that is appearing on a chromosome in each of the genomes, it is more likely (though, of course, not necessary) that its position on these chromosomes is erroneous in at least one of the genomes. Thus, when many rearrangements have intervened since the common ancestor, the synteny blocks in common between the two genomes become more fragmented, that is, shorter, and more likely to contain only one marker, so that their status as bona fide synteny blocks is less certain. Similarly, if the genomes are densely sampled for markers, any particular synteny block is more likely to be confirmed by several consecutive markers in both genomes, whereas a sparse sample is more likely to have one per synteny block, reducing our confidence that these are genuine common inherited chromosomal segments.
These informal considerations suggest the principle whereby inferences that depend on the position of a single marker should not be given as much weight as inferences that are supported by two or more markers.
Even with this principle, a major source of difficulty in reconstructing synteny blocks is conflicting evidence for two incompatible blocks. For example, if two chromosomes in genome 1 contain Á Á Á abc Á Á Á and Á Á Á xyz Á Á Á , respectively, it may happen that a chromosome in genome 2 contains Á Á Á abxycz Á Á Á . Then, we can reconstruct only one of abc or xyz as a synteny block common to both genomes. If we choose xyz, we either relegate c to the status of error or else infer that some rearrangements have occurred in this region to produce the interleaving pattern in genome 2.
Whether these mapping difficulties are inherent in experimental methodology, paralogy, small marker sample, or elevated rearrangement rate, the effect on applications of comparative maps, for example, using knowledge about the genome of one organism to locate a marker in another, can be quite serious. Moreover, for the purposes of genome rearrangement inference, each mapping error typically introduces one or more spurious events into the rearrangement history so that even moderate rates of error can considerably inflate the inference of genomic distance.
We would like to construct a set of synteny blocks that are conflict-free, contain as much of the data as possible, and are credible from a genome rearrangement viewpoint. We may discard a limited amount of the data that conflicts with other data or whose inclusion would disproportionately inflate the distance. Our strategy is, first, to construct the set of all prestrips, which are certain common subsequences of two or more markers on single chromosomes in both genomes, second, to extract from this set a subset of mutually compatible prestrips containing a maximum number of markers, and, third, to restore to this subset any markers 1) not in any prestrips or 2) forming part of incompatible prestrips, whose inclusion does not cause the genomic distance based on the blocks to increase.
In Section 2, we formally define strips, prestrips, and other structures and quantities to be used in this paper. In Section 3, we present a new polynomial-time algorithm for generating all prestrips. Finding the optimal set of prestrips requires solving a maximum-weight clique (MWC) problem, as discussed in Section 4; this is the bottleneck in our procedure. We discuss the question of restoring additional compatible markers to the solution, in Section 5. We analyze the rice and sorghum comparative map in Section 6 and suggest constraints on the set of prestrips to reduce the input to MWC. We use simulations to assess the effects of these constraints on the solution.
DEFINITIONS: STRIPS, PRESTRIPS, AND PURE STRIPS
Let n be the number of distinct markers (not counting duplicates) in common in two genomes with 1 and 2 chromosomes and let n 1 ! n and n 2 ! n be the total numbers of markers, respectively, that is, counting each copy of a marker separately. In one genome, number all markers on any one of the chromosomes from left to right in increasing order, starting with marker 1. Continue the numbering sequence on a second chromosome and so on until finishing with the last marker on the 1 st chromosome. If any subset of the markers is indistinguishable (duplicates, paralogs, gene family, and so forth), this set is called a paralogy set and is identified by a paralogy set label associated with each of its elements. Then, each marker in the second genome receives the same label as its ortholog or as any of the paralogs of the latter in the first genome. Each paralogy set in one genome corresponds to a corresponding paralogy set in the other, even if it is only a trivial set containing one marker.
We now define strips, prestrips, and pure strips, as illustrated in Fig. 1 . As mentioned in Section 1, during our analysis, we will be reducing the genomes by discarding some markers. Strips are defined relative to the current state of the two genomes before, during, or after reducing their size, but prestrips and pure strips are defined in terms of the original genome data only. Consider any h ! 2 consecutive (contiguous) markers on a chromosome in the first genome. If the same h markers are consecutive on a chromosome in the second genome, with the same order and with each marker having the same orientation (DNA strand) in both genomes, they constitute a strip of length h. We call this a forward strip. Similarly, if the markers are consecutive on a chromosome in the second genome, but in the reverse order and with each marker having the opposite orientation in one genome to that which it has in the other, these markers constitute a reverse strip of length h.
If a marker in a strip is a member of a paralogy set in one genome, it suffices that a member of the corresponding paralogy set occupies the corresponding position in the h markers in the other genome. Note that a strip is defined both by the markers in it and by its position in both genomes. Two or more strips may contain exactly the same markers but differ in where they appear, by virtue of the paralogy sets their markers belong to.
A prestrip satisfies the same definition as a strip except that the markers need not be contiguous. The markers in a prestrip must be in the same order on a chromosome in both original genomes and must conserve their orientations in the two genomes or else have the reverse order with all markers reversing their orientation. In addition, no marker not in a given forward or reverse prestrip may be located in both genomes between two successive markers that are in the prestrip if the marker has the same or reversed orientation, respectively, in the two genomes. As illustrated in Fig. 1 , a prestrip P is a common subsequence, or a reverse common subsequence, of the markers on the two chromosomes which is complete in the sense that there is no other marker of appropriate orientation on both chromosomes that is between two successive markers in P . A prestrip that is a strip in the original genome data is called a pure strip. We formulate our basic problem, Maximal Strip Recovery (MSR), as follows: Given two genomes as described above, discard some subset of the markers, leaving only markers in disjoint strips S 1 ; Á Á Á ; S r of lengths h 1 ; Á Á Á ; h r , respectively (estimates of the lengths of the synteny blocks that contain them), in the genomes thus reduced such that P r i¼1 h i is maximized. The MSR problem corresponds to our previously stated goal of constructing a set of compatible strings containing as much of the data as possible. We postpone until Section 5 the question of restoring markers not in strips but compatible with the solution to the MSR problem.
THE PRESTRIPS
Though we are searching for strips, these are not generally visible in the original data and we have to construct them by discarding the markers disrupting their contiguity property. Thus, we search for prestrips-complete common subsequences or their reverse-in the two genomes, relying on the subsequent analyses to eliminate the disrupting markers and thus reveal the "underlying" strips. The justification for this is: Proposition 1. All possible strips that can be formed by the deletion of markers from two genomes and that can be part of a solution to the MSR problem are prestrips of these genomes.
Proof. Consider any strip of length h, resulting from the deletion of m markers from the two genomes. We first restore all markers to the chromosomes containing the strip. Because the h strip markers are in the same order in the two chromosomes, they constitute a common subsequence P of the two chromosomes. Suppose P is not a complete common subsequence. Then, by definition, for some two successive markers in P , there is another marker in between them in both chromosomes. However, we can add this new marker to P to create a longer common subsequence Q so that deleting all of the remaining m À 1 originally deleted markers creates a strip of length h þ 1, which would give a better value to the MSR problem. This contradicts the supposition that P is not complete and, so, P is a prestrip. t u
The number of prestrips, however, may be exponentially large. Consider, for example, genome 1 to be the identity permutation of n 2 elements: 1; 2; 3; Á Á Á ; n 2 and genome 2 to be n; n À 1; Á Á Á ; 2; 1; 2n; 2n À 1; Á Á Á ; n þ 2; n þ 1; 3n; Á Á Á . The number of prestrips clearly grows exponentially with n.
Because the feasibility of our subsequent analysis is sensitive to how many prestrips we start with, we next prove that it suffices to constrain our search to certain small prestrips and obviate the necessity of generating all complete prestrips. The number of such small prestrips can only grow as a polynomial function of n 1 þ n 2 and the algorithm for generating them runs in polynomial time.
We introduce new notation to describe prestrips. Every prestrip P has a unique representation R as a string of ps and 1s, where a p represents a pure strip and a 1 represents a marker not in a pure strip in P . This representation is easily constructed starting at either end of the prestrip and simply verifying for each marker in turn whether or not it is in a pure strip. For example, the prestrip P ¼ wdy in Fig. 1 can be represented by p1 because wd is a pure strip and y is in no pure strip in P .
Proposition 2. The representation R of any prestrip can be decomposed into a sequence of terms of form p, 11, 1p, p1, 111, and 1p1.
Proof. We use induction on the total number of ps and 1s in R, building R from left to right. A prestrip by definition must contain at least two markers and, so, for
Finally, if both the þ 1st term of R and the th term of R 0 are 1s, then the last term of the decomposition of R 0 must be a 111, a 1p1, a p1, or a 11. In the decomposition of R, these can be replaced by two 11s, a 1p plus a 11, a p plus a 11, or a 111, respectively. This completes the induction step. t u
Note that we must allow for 111 and 1p1 to be able to deal with representations R with an odd number of terms; otherwise, p, 11, 1p, and p1 terms would suffice for the decomposition. The implication of Proposition 2 is that the markers contained in any collection C of prestrips are also contained in a restricted collection of prestrips of form p, 11, 1p, p1, 111, and 1p1. Furthermore, the sum of the weights of the prestrips in the restricted collection is the same as that for C.
All prestrips of this form can be calculated by the following algorithm:
Algorithm Prestrips Input: Genome 1 and genome 2 as a collection of 1 and 2 linear chromosomes, containing a total of n 1 and n 2 markers, each of the n different markers appearing at least once in each genome. For each of the 1 2 pairs of chromosomes, one from each genome, 1. construct a dot plot of the markers in common; 2. identify pure strips (ps) and singletons (1s) (note that every marker in a pure strip has an alternative identification as a singleton since it can be used in alternate prestrips); 3. find which ps and 1s can be successive, taking into account that all markers in a prestrip must be in the same order in the two genomes or the reverse order; and 4. construct prestrips of form p, 11, 1p, p1, 111, and 1p1. Output: Prestrips Let n ¼ maxðn 1 ; n 2 Þ. The construction of a dot plot requires Oðn 2 Þ time, but, at each of the n dots found, the search for a possible preceding p or 1 also requires Oðn 2 Þ time. Moreover, for the possibly n 2 combinations so detected, the search for a possible third p or 1 also requires Oðn 2 Þ time so that the whole algorithm might require Oðn 4 Þ time. In practice, the sparseness of the dot plot, especially when there is little paralogy, assures that the running time is far less.
MAXIMUM WEIGHT CLIQUES
Once we have a set of prestrips, we next need to construct a matrix M of compatibilities among them. Two prestrips, P and Q, are incompatible, MðP ; QÞ ¼ 0, if they share at least one marker or if one prestrip, say, P , contains a marker between two successive markers, in either genome, in the other prestrip, Q. Otherwise, P and Q are compatible and MðP ; QÞ ¼ 1. This definition leads directly to: Proposition 3. Given any set C of pairwise compatible prestrips.
Consider the reduced genomes produced by deleting all markers that are in none of the prestrips in C. In these reduced genomes, all of the markers in each prestrip in C appear as strips. The number of markers in each strip is the same as the number of markers in the corresponding prestrip.
Proof. Consider any prestrip P 2 C. By deleting all of the markers not in the prestrips, P is converted into a strip S; otherwise, one of the other prestrips would be incompatible with it, contrary to the hypothesis. Since none of its markers are deleted, S has the same markers as P . t u
We next need to state the MWC problem. Let G be a graph with positive weights associated to the vertices. Find a clique such that the sum of the vertex weight is maximum. From the two original n 1 and n 2 -marker genomes, we wish to find a reduction, composed completely of strips S 1 ; Á Á Á ; S r , that maximizes P r i¼1 h i . From the compatibility matrix, we construct a graph G with the prestrips as the vertices and with compatible vertices joined by an edge and vertex weights equal to the number of markers in the prestrip.
Proposition 4. The solution C of the maximum weighted clique problem on G induces a reduction of the original genomes so that they are composed completely of disjoint strips and so that the total strip score is maximized.
Proof. This follows from Propositions 2 and 3 and the definition of MWC. t u
Kumlander's algorithm [6] for the MWC problem is based on a heuristic vertex coloring of sets of independent vertices, followed by two sorts of pruning of the clique search tree, one based on color classes and the other a backtrack search. Empirically, it has been demonstrated to work better than competing algorithms on denser graphs. In the case of genome comparison, we would expect G to become dense, in the sense of that in [1] , as the number of chromosomes increases. In this case, any prestrip becomes less likely to involve the same two chromosomes as another prestrip and, hence, is more likely to be compatible with it.
As documented in Table 1 , summarizing the map comparison discussed in Section 6, our current JAVA implementation of this algorithm generally requires a few minutes of computing time on an iBook G4 for 200 prestrips, but required up to 24 hours for some of our data sets containing 500 prestrips.
RESTORATION OF MARKERS
The MWC solution is incompatible with any prestrip not in it, but it is not necessarily incompatible with all parts of such a prestrip. For example, it is possible that some prestrip of form p1 is not in the solution, but the singleton element in this prestrip does not intervene between any two successive markers of a prestrip in the solution and may thus be considered compatible. In addition, markers in no prestrip which play a role neither in the input nor in the output of the MWC could be similarly compatible with the solution.
The question arises of whether we want to reincorporate all such markers, some of them, or none of them into the solution. This answer depends on the biological context. Some of these markers may not have belonged to any prestrips, possibly due to sparse data, that is, low sampling density; were markers denser on the chromosomes, more of them might have been included in prestrips. Such markers are evolutionarily meaningful and, if we could identify them, should be tested for compatibility and possibly combined with the MWC solution. At the other extreme, we may think that the markers in our data in no prestrip or in no prestrip compatible with the MWC solution are primarily due to mapping error and, if we could identify them, should be discarded.
Whatever the policy toward restoring markers, with some data sets, we may have to formulate an optimal restoration algorithm since the restoration of one marker may affect whether or not another marker may be restored. With the stringent restoration criterion we will present next, however, and the small number of eligible markers in the real and simulated data to be discussed in Sections 6 and 7, the order in which markers are restored is a minor question and will not be discussed further here.
Since there is no way of identifying, in real data, exactly which markers excluded from the MWC solution are valid evidence of evolutionary relatedness or divergence of the two genomes and which are simply erroneous, we have recourse to genome rearrangement analysis. First, we use the strips output by the MWC to calculate the genomic distance between the two genomes [7] , [9] . If we were to add a new marker at random ("noise") to both genomes, this would generally increase the distance by 1 or 2, even if it were compatible with all the strips in the solution. Thus, if we add a marker from among those not in the MWC and this does not increase the distance, this means that, when one genome is optimally transformed into the other, the new marker falls naturally into place with no extra effort and is fully consistent with the evolutionary history of all the markers in the solution.
Then, the final result in our analysis includes both the MWC solution plus all other markers that do not increase the genomic distance. An example of such a marker is m in Fig. 2. 
A COMPARISON OF THE RICE AND SORGHUM GENOMES
To illustrate our method, we compare data on the rice and sorghum genomes as accessible in the Gramene database [8] . The original references for the two maps we compare are [3] and [2] . In this comparison, the database reports 567 correspondences between the two genomes, involving n 1 ¼ 481 rice markers and n 2 ¼ 567 sorghum markers. The number of distinct markers was n ¼ 481. A total of 69 of these were present in two or more copies in the sorghum data, with a maximum gene family size of 6.
We note that the marker data extracted from the Gramene files do not indicate the orientation or strand of the marker. Efficient genome rearrangement algorithms [7] , [9] require this information. However, as conjectured in [5] and proven in [4] , for all strips consisting of three or more consecutive markers in the same order in both genomes, same strandedness may be assumed for all of these markers and, for all strips in opposite orders, opposite strandedness can be assumed. In [4] , it is also shown how to assign strandedness for strips containing only two markers. These same rules can all be used for prestrips since these will become strips if they are in the output of the MWC.
Our algorithm for generating prestrips produced 1,841 to enter as vertices into the MWC routine.
Our implementation of Kumlander's algorithm ran for a week without finding a solution for this large data set, so we reduced the problem by imposing two kinds of constraints on the prestrips. One constraint was to limit the number of "gap" markers G in either genome intervening between any two markers or pure strips in a prestrip on the grounds that a large gap lowers the credibility of the prestrip. Another constraint was to discard the prestrips with representation "11" on the grounds that these are the weakest evidence for synteny blocks aside from singletons. However, to ensure that only the weakest evidence was excluded in this case, we added prestrips of form p11 and 11p to the MWC input.
The results of these analyses are shown in Table 1 . The first thing to note is that, even after all possible compatible markers, consistent with the output rearrangement distance, are restored, only 303-322 are present, meaning that 159-178 were discarded, of the maximum possible represented by n 1 ¼ 481. This illustrates the importance of analyzing the marker data to remove noise and conflicts.
Another observation is the slight increase, if any, in the number of markers in the output as the gap size criterion is relaxed from G < 2 to G < 4, despite the great increase in the number of prestrips. Thus, the extra prestrips proved to be largely redundant.
Finally, we note the great drop in the genomic distance calculation as the "no 11s" constraint is added in the top row of the table. True, this comes at the cost of losing 19 markers from the output, but the fact that the distance lost is about equal to the number of markers lost suggests that these markers, coming largely from isolated "11" prestrips (that is, that could not be incorporated in p11 or 11p prestrips), do not carry authentic evolutionary information, using the same arguments about noise as in Section 5. The solution summarized in the top row of the table gives rise to the synteny blocks in Fig. 3 .
SIMULATIONS
To further evaluate the results in Table 1 , we carried out some simulations to create data sets similar to the ricesorghum comparison. For the first genome, we defined 11 chromosomes with a total of 495 distinct genes, with a range of lengths (number of markers) similar to the rice genome. Based on the number of synteny blocks per chromosome in Fig. 3 , we applied two inversions per chromosome, with breakpoints determined at random on the chromosome, and 23 reciprocal translocations, with breakpoints determined randomly, conditioned on not being on the same chromosome. The genome thus created was thus at a genomic distance of 45 from the initial one. We created 25 such data sets.
We then added noise by randomly changing the location of a random markers in the original genome, without changing them in the derived genome. This was done 200 times, independently in each of the 25 data sets, in order to simulate the same high level of conflict and noise observed in the rice-sorghum data. 
TABLE 2 Prestrip Inclusion Criteria and Simulated Solutions
The important result in Table 2 pertains to the distance calculation. Excluding the prestrips consisting of only two singletons produces an accurate estimate (44.2) of the original, prenoise, distance (45) between the two genomes. Allowing these two-marker strips results in the inclusion of more markers in the analysis, but at the expense of seriously inflating the distance estimate. The effect is not as great as with the real data, but it is clear that allowing these twomarker prestrips into the analysis does not add genuine evolutionary information.
Other points of interest in Table 2 are the numbers of "false positives and negatives" in the analysis, represented in the columns headed "noise retained" and "non-noise cut," respectively. Recall that a noise level of 200 means a total of 200 position changes occurred. Of these, in the final results, we note that only 47.8-58.5 were not excluded by the MWC or were restored after the MWC, which is not a very high rate of false positives for such noisy data. Of the markers that were never affected by noise, only 13-19.6 were excluded by the MWC and not restored, again an acceptable level of false negatives.
CONCLUSION
In this work, we have studied the conversion of the maximal weight strip problem to the MWC problem, based on the induced elimination of as few markers as possible from the genomes being compared. To increase the realism of our formulation, we have extended it to allow for paralogous markers.
We have shown how to reduce the prestrip computation to polynomial complexity by using only six types of small prestrip, though, with real data, this calculation is not the bottleneck. Applying the MWC algorithm to these small prestrips, followed by piecing all contiguous ones together, gives all of the same solutions as the previous method.
It is the MWC itself that is the bottleneck. Since our compatibility graph is dense, methods such as those introduced in [1] might speed up the MWC search. Vicky Choi (personal communication) has suggested that the availability of relatively fast programs for Minimum Weighted Vertex Cover, which is equivalent to MWC, could allow us to handle larger numbers of prestrips.
It might be thought that, with the advent of genome sequencing, the use of comparative mapping to study genome rearrangement would become obsolete. In fact, the trend toward low-coverage sequencing without finishing, leaving many gene order ambiguities, makes it likely that physical and genetic mapping methods will continue to predominate, aside from very few model organisms. This is especially relevant to comparative genomics applied to the phylogenetics of eukaryotic taxa, where we might wish to calculate the genomic distance among dozens or hundreds of organisms, but few, if any, of these will have sequenced genomes.
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